Real global-scale quantum communications and quantum key distribution systems cannot be implemented by the current fiber and free-space links. These links have high attenuation, low polarization-preserving capability or extreme sensitivity to the environment. A potential solution to the problem is the space-earth quantum channels. These channels have no absorption since the signal states are propagated in empty space, however a small fraction of these channels is in the atmosphere, which causes slight depolarizing effect. Furthermore, the relative motion of the ground station and the satellite causes a rotation in the polarization of the quantum states. In the current approaches to compensate for these types of polarization errors, high computational costs and extra physical apparatuses are required. Here we introduce a novel approach which breaks with the traditional views of currently developed quantum-error correction schemes. The proposed solution can be applied to fix the polarization errors which are critical in space-earth quantum communication systems. The channel coding scheme provides capacity-achieving communication over slightly depolarizing space-earth channels.
I.

Introduction
Quantum error-correction schemes use different techniques to correct the various possible errors which occur in a quantum channel. In the first decade of the 21st century, many revolutionary properties of quantum channels were discovered [12] [13] [14] [15] [16] , [19] [20] [21] [22] however the efficient errorcorrection in quantum systems is still a challenge. These error-correction schemes use different techniques to correct the various possible errors which can occur in a quantum channel. One of the biggest challenges in current quantum error-correction techniques is redundancy [8] . To protect an arbitrary quantum state it has to be encoded in a redundant way, and redundant encoding was an unavoidable corollary in quantum error-correction. The level of redundancy can differ, however one issue is that it cannot be removed from currently known approaches [1] [2] [3] [4] [5] , [7] [8] [9] . A second major problem is that the various types of errors which can occur in the quantum channel require different encoding and decoding schemes, moreover if the type of the error is completely unpredictable then the only way to achieve protection of the quantum state is to increase the level of redundancy [9] [10] [11] [12] .
In this paper we introduce a new quantum-error correction scheme which has many advantages in comparison to currently known techniques. First of all, the proposed method requires minimal redundancy. Second, the error correction can be made without any knowledge about the transformation of the quantum channel. The proposed error correction scheme is based on the usage of pilot states. The pilot states are ordinary quantum states, fed by Alice to the quantum channel. The pilot states will capture and store the unknown error transformation of the quantum channel. These pilot states-using a simple Hadamard and Controlled-NOT (CNOT) gates [4] -can be used to correct an arbitrarily high number of data quantum states sent through the quantum channel. However the errors on all of these states are unknown, Bob is able to construct them using our simple quantum circuit. Furthermore, the quantum channel is stored in the pilot quantum state without making process tomography on the channel. The simplicity of the proposed error-correction quantum circuits makes it possible to be easily implemented in practice. The hard part is to construct an error-correction scheme which can
II. Polarization Compensation
A. Problem Statement
In space-earth quantum communications the relative motion of the ground station and the satellite causes a rotation in the polarization of the quantum states as depicted in Fig. 1 . The relative motion of the ground station and the satellite is denoted by q . During time T the ground station sends n data qubits and the relative motion causes a unitary rotation according to the angle q . The time-dependent rotation angle is constant for a given time T (for realistic results see Table 2 .). The rotation causes time-dependent unitary transformation of the polarization states of the sent qubits. In existing polarization control schemes [15] , the relative motion is compensated in several steps, requiring many extra hardware and software costs. In current approaches, the most important part of these correction steps is the calculation of the time-dependent Jones matrix , which describes the rotation of the polarization angles in the form of Jones vectors
where are the relative amplitudes,j is the relative phase ( are real values) and
where T is the time-slot during the rotation with the given angle q occurring on the polarization of the qubits, while is the initial polarization state sent by Alice in the beginning of the communication [15] . 
B. Related Work
The aim of the existing solutions is the description of the Jones matrix , which requires the measure of the space-earth quantum channel. It is a very error-sensitive process, since during the measuring process the angles of the original qubits cannot be perturbed, i.e., it has to be implementable in practice without any physical contact between the polarization angles and the measuring beam [15] . In current approaches, the measurement process requires many extra costs, such as the use of ultra-sensitive hardware devices which can characterize the properties of the quantum channel with a probe-beam using a special wavelength (different from the signal) without causing any interference. Aside from experimental challenges such as the measure of the quantum channel, the mathematical derivation and calculation of the time-dependent Jones matrix causes further increase of the costs of the error-correcting scheme [15] .
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Another practical approach for polarization compensation is the time-multiplexing of signal and probe beam, which technique uses the same wavelength for the signal beam and the probe beam. In either case, the implementation costs are high and cannot be decreased, since these are arising from the characteristics of the physical apparatuses used for the polarization compensation [15] . The pilot quantum error-correction scheme does not require the characterization of the Jones matrix and does not require any computations regarding it, nor does it require the implementation of any extra devices for the probe beaming, the calibration of the wavelength, or the delicate channel measurement strategy. The developed technique provides an on-the-fly solution for correcting polarization errors, without any matrix computations or the usage of any probe beaming devices.
( )
III. Coding Scheme
The proposed method can correct any unitary error U in the polarization angles of the data qubits without using any channel-measuring process or probing beams, or causing any disturbance in the satellite quantum channel. The extreme efficiency of the on-the-fly strategy is ensured by two main attributes of a satellite communication system.
The number of maximally transmittable and correctable qubits depends on the length of the time T during the rotation q occurring on the polarization of the qubits in the space-earth channel, and on the frequency at which the incoming beam is modulated [15, 16] . Current practical approaches all make it possible to send as many qubits as required for the proposed polarization compensation [15] , see Table 1 and Table 2 . (Note: The results will be demonstrated for qubit inputs (d=2 dimensional systems) and qubit channels.)
A. Error Characterization
The unknown polarization rotation (constant for time T, see Fig. 1 and Table 2 [16]) due to the relative movement is expressed by
where G is a Hermitian generator operator (i.e.,
, its eigenvalues are real and it is also a normal operator) of arbitrary dimension and q is a real number. (Note: The map of the realistic space-earth channel will be given in Eq. matrices, and every single-qubit error can be described by a 2x2 matrix [1] [2] [3] [4] [5] , [15, 16] . If the generator matrix G is also unitary, i.e., G then
thus G is self-inverse, thus . As follows, the error transformation with the self-inverse generator G (the Pauli operators are also self-inverse operators) of the quantum channel can be rewritten as
To reveal and store this channel operation in a quantum state, we will use pilot quantum states to describe the transformation of the channel. The continuous variable q will be stored in the quantum state. We note, non-unitary errors also can be corrected with this technique (using multiple pilot states for the decoding), since any Hermitian generator matrix G can also can be stored in this way [1] [2] [3] [4] . In the further parts of the paper we consider the case if the generator matrix G is also unitary (self-inverse), i.e., its inverse can be implemented in practice by a controlled unitary transformation . On the other hand, our results make possible to store and correct any non-unitary errors [16] . In the proposed pilot error-correcting scheme the unitary
) is stored in a quantum state, which problem is equal to store a continuous variable q in a single qubit [12, 13] . Note: the term unknown data state will refer to the encoding of quantum information, while for the transmission of classical information the term known data state will be used. We also use the term unknown for the pilot states, which refers to the unknown probability amplitudes.
The input pilot state j
Pilot
IN
is a quantum state, sent by Alice to the quantum channel. The unknown transformation of the channel will transform the input pilot state into
The quantum channel  during time T carries out the same rotation transformation (according to the relative movement, see Fig. 1 ) on all of the pilot and data qubits [16] . The map of the quantum channel is characterized by the self-inverse operator G, will be produced on the input pilot state.
B. System Characterization
The input pilot state cannot be an eigenvector of the Pauli X, Y and Z operators, which excludes the following states:
Furthermore, the pilot state cannot be a pure state, since every quantum state is an eigenstate of some unitary operator, henceforth a fixed pure quantum state cannot work for all errors. As follows, the pilot state can be any mixed, but non-maximally mixed state, i.e., the only condition on the mixed input pilot state r is the following:
This trivially follows from that fact, that r has to store only the rotation caused by the channel, and an arbitrary, non maximally-mixed state can be chosen for this purpose.
Pilot IN
The result will be the pilot state . q purification state of this system, which defines a pure system. Bob will apply the Hadamard transformation on the pure system q , which is given by ( )
where
and E is the environment. As follows, the pure q channel output pilot state in (11) 
Comparing of Output Pilot State with the Reference Pilot State
Before the communication, Alice and Bob agree on a pure reference pilot state j
REF .
Pilot , which can state is an arbitrary pure state. As follows, for an I identity channel, Bob will not rotate the channel output states, since in that case Bob will find that for the purified state q the following relation holds
which easily can be verified by a SWAP-test circuit [37] (see Theorem 1 in Section 5). Applying it on Bob's side, he will be able to determine easily whether he has to apply the rotation or not, by simply comparing the purification of After the purification of s , the unknown unitary polarization rotation transformation of can be described in the following channel output pilot quantum state
which means that the unknown unitary transformation is mapped onto the state 1 , whileprovided the channel has no error and hence realizes an identity transformation I -is mapped onto 0 [12, 13] . After the unknown transformation of the quantum channel is stored in the pilot quantum state q , we would like to use it in quantum-error correction, but without adding any redundancy into the encoding process [16] .
IV. The Time-Dependent Depolarizing Quantum Channel
In the previous section the quantum channel is assumed to be an arbitrary channel map, which does a time-dependent unitary rotation transformation . This error occurred by the relative q U movement and caused an angle q theta rotation in the polarization states. The space-earth quantum channels have no absorption since the signal states are propagated in empty space, on the other hand a small fraction of these channels is in the atmosphere, which causes slight depolarizing effect [1] , [6] , [14] [15] [16] , [35] [36] . To make our channel model more realistic, we can assume that this channel is a time-dependent depolarizing channel, which will be denoted by . This channel behaves as a standard depolarizing channel [30] [31] [32] [33] for , (and which channel applies also the U rotation operator) while it becomes a completely depolarizing channel if , where T is the critical upper bound on time parameter T during channel is in the "stationary state" (see Fig. 1 ). The time-dependent channel has positive capacity only in time domain
, the capacities become zero,
i.e., (Note: The depolarizing channel models a worst-case scenario assuming an extremely noisy atmospheric environment. The actual choice of the corresponding channel model could depend on the weather conditions, environment properties and other atmospheric parameters. These environment-specific attributes determine the exact channel model.)
, channel  is a unital channel, and the CPTP (Completely Positive Trace Preserving) map of is defined as 
where is the depolarization parameter of the channel . The depolarization parameter of takes for , and takes it maximum if T exceeds . 
After the channel has realized the transformation  on state , we will get the following 
where is the polarization rotation that occurs during
Geometrically, the map of the time-dependent depolarizing quantum channel shrinks the original Bloch sphere in every direction by . First we show the effect of the on the mixed input pilot state
Pilot IN I . The q rotation of the mixed r input pilot state due the relative movement and the map of the time-dependent depolarizing quantum channel are illustrated in Fig. 3 . The shrink of the Bloch vector of state r will be relatively small, because the depolarization parameter of channel depends only on the time parameter 
In the error correction we will calculate with the purification y ,
where y ,
is the a pure system according to the given i-th pure input data state
In the decoding process, the purified pilot and data systems q and y , Data A i OUT will be used.
A. Classical Capacity of the Channel
As it was mentioned, the  time-dependent depolarizing channel is a unital channel.
Geometrically, this means that the channel maps an identity transformation to an identity transformation, hence  . We show the channel ellipsoid of the time-dependent depolarizing channel in Fig. . As depicted in the figure, the HSW capacity [24] , [25] of channel can be expressed by the maximized quantum relative entropy function
is the quantum relative entropy function between quantum states r and is defined as s 
is equal to the center of the Bloch sphere. The HSW capacity of is equal to the quantum relative entropic distance between the optimal output state r (which maximizes the channel capacity) and the origin of the Bloch sphere [29] , thus for
where ( )
is the von Neumann entropy function. The density matrix s must be expressible as a convex combination of r as , which satisfies the min-max criteria of Schumacher and Westmoreland [34] , which leads us to HSW capacity of :
which is equal to (24) 
Furthermore, for and the following relations hold for the classical capacity of :
where H is the Shannon entropy, and is the depolarization parameter of the depolarizing channel.
. depol p The classical capacity of the  time-dependent depolarizing channel for is
B. Quantum Capacity of the Channel
The quantum capacity [26] [27] [28] of the time-dependent depolarizing quantum channel for and with depolarization parameter , (according to the no-cloning bound) can be expressed as
Using channel with it is possible to construct a quantum code with rate at least R that any qubit 
The classical and the quantum capacities of the time-dependent  depolarizing channel in function of the time-dependent depolarization parameter p are shown in Fig. 5 . In the time-dependent depolarizing parameter takes the constant value .
As the critical time parameter of the channel is exceeded, the depolarizing parameter takes its maximum .
.
T depol p p , the capacities become zero, i.e.,
As the critical time parameter of the channel is exceeded, the channel capacities are cut down to zero. Since the capacities of the time-dependent depolarizing channel decreases as , to achieve high communication rates, low depolarizing parameter and sufficiently large . parameters would be desired. As we will show in Section 6, these conditions are almost
completely satisfied for a space-earth quantum communication channel, which makes possible to apply the proposed pilot coding scheme with high rates.
C. Information Transmission over the Time-Dependent Channel
Our error correction method only requires multiple instances of the pilot state, which can be easily achieved by sending r quantum states (For the exact number of r see Section 6. From the r pilot states Bob generates an l-length string for the error correction.) with the data qubits over the quantum channel. According to Fig. 1 , the quantum channel  carries out the same transformation (i.e., rotation q in the polarization) on all of the pilot and data qubits. The map of the quantum channel is characterized by the self-inverse operator G, will be produced on (8) ,
and according to (10)
When receiving, Bob applies a Hadamard transformation on q . Upon reception of the pilot states, Bob can use them to correct the errors of the quantum channel. Using the pilot state q , the polarization rotation can be expressed as Eq. (13) . Alice sends her i-th quantum state
where and b are the probability amplitudes, a b , on the quantum channel, which according to
The unitary transformation of the polarization rotation is denoted by , and defined by Eq.
The error correction of data qubits i d will be completed with the help of the pilot qubits q . In the proposed error correction scheme the channel output pilot states are distinguished into two well separable sets. The first set contains the r channel output pilot states, while in the second set we have pilot states. In the error correction only the states of the second set  l r are valuable, while the elements of the first set are just of required to generate the valuable pilot states, i.e., the elements of the second set. The first set contains the r-length string
while the second l-length string contains only the "2 power" states
As we will show in Section 5, only the "2 power" states valuable in the error correcting process.
We also will give the exact values of r and l. The proposed error-correction method only requires multiple instances of the pilot state (see Fig. 7 ), which can be easily achieved by sending r quantum states (For the exact number of r see Table 1 .) From the r pieces of pilot states Bob generates an l-length string for the error-correction, which string contains l valuable pilot quantum states. For the exact connection between the number r of transmitted pilot states and the number l of valuable pilot states see Table 1 . Using the pilot state q , the polarization rotation can be expressed as depicted in Eq. (13).
Input and Output System
In the communication phase, Alice first feeds to the quantum channel the r pilot (mixed but non
then the n input data qubits (pure states), i.e.,
The output system is characterized by the r purified channel output pilot states (pure states)
Pilot r r i OUT q i (36) and the n channel purified output data states (pure states)
From the r channel output (unknown) pilot states, Bob generates an l-length pilot string, which contains those valuable pilot states which are required for the error-correction. The elements of this string are the valuable "2 power" channel output pilot states (using the pure purification state q i of mixed channel output state ( )
The quantum channel is represented by , and defined by Eq.
The error-correction of output data qubits i d will be carried out by means of the received purified pilot qubits q .
The determination of the ratio between the data qubit states and pilot states depends on the physical properties (time parameter T) of the quantum channel [16] . The number r of pilot qubits can be chosen to be several orders of magnitude lower than the number n of data qubits (see the theorems and proofs of Section 5).
The mixed pilot qubits r along with the pure data qubits Figure 7 . Alice sends the data qubits and a very small number of pilot states. The pilot qubits will store the unknown transformation of the quantum channel. The data qubits will be corrected with the help of pilot qubits. Remark 1. The data qubits can carry both classical and quantum information. In case of classical information the data qubits are referred as known data states, for quantum information as unknown states. For classical information, the data block can be constructed by a simple classical repetition code. In case of the transmission of quantum information, the data block is filled with random qubits.
V. Theorems and Proofs
In this section we present the theorems and the proofs and prove the correctness of the proposed pilot quantum encoding scheme (Note: The results will be demonstrated for qubit inputs (d=2 dimensional systems) and qubit channels.) Pilot , which state is a-priori known by Bob.
A. Determination of the Presence of Noise
On the output of the circuit, Bob will measure a 0 or 1. From this measurement result he will be able to determine whether the channel is ideal or noisy. Bob's zero output can be generated by the following steps of the quantum circuit: 
From this result, the output probability of the 0 outcome can be expressed as follows: 
while measuring 1 has probability
As can be seen, when q j » REF . 
Pilot with arbitrary low error.
If Alice sends to Bob some copies from q and the reference pilot state j
REF .
Pilot , and Bob can repeat the test multiple times, then Bob can increase the probability of success. However, this step decreases the efficiency of the quantum circuit, but the error probability of the network also can be decreased.
The outcome probabilities can be used to derive the error probabilities for the case of q j = REF .
Pilot
and q j ¹ REF .
Pilot . In the first case, the quantum circuit of Bob gives a correct output with error probability
where d q j = -REF .
1
Pilot , which is trivially zero if q and j
REF .
Pilot are equal. On the other hand, in the second case, the error probability will be higher, thus the worst-case error probability for the q j
But, Bob can decrease this error probability to an arbitrary error. To reach this arbitrary error in the case of
Pilot , Bob has to repeat k-times the test with the constructed quantum circuit, where
After k-iterations, the error probability reduces to
which for ( )
Pilot , which results in a probability of making an error in the case of logical 0 of
It proves that Bob can determine the question whether q and j
Pilot are equal or not, with vanishing error probability.
These results conclude the proof of Theorem 1.
■
B. The Error Capturing Process
The main result on the fundament of the proposed error correction scheme is summarized in Proof. The transformation of the channel will be stored in the pilot quantum state
thus , the polarization rotation transformation of the given angle can be rewritten as
where G is the generator matrix, and (50) which can be further evaluated as i.e., the generator matrix of is
These results mean that the transformation G=Z is mapped onto the state 1 , while -provided the channel has no error and hence realizes an identity transformation I -is mapped onto 0 .
From these result follows the polarization rotation angle q can be stored in the pilot state q , and the transformation can be restored from the pilot state q U q , since the unknown transformation is mapped onto the state 1 . Note: The generator matrix G is known by both Alice and Bob.
These results conclude the proof of Theorem 2.
■
The main result on the single data qubit error-correction is summarized in Theorem 3. 
C. The Error Correction Process
with each outcome having a probability of 1/2. Therefore, Bob applies the gate of Fig. 9 The CNOT transformation is controlled by the 0 , instead of the 1 control qubit. The measurement will be made on the pilot state, which transforms the data qubit into the desired state with a given probability. The error-correction quantum circuit is probabilistic, however with the help of pilot states the success probability can be increased to be arbitrarily high [12, 13] .
Proposition 2. The pilot error-correction defines a probabilistic process but the success probability can be increased to arbitrarily high.
The working mechanism of Bob's error correction gate uses the unknown pilot state= + cos 0 sin 1 2 2 i q , which stores the transformation of the channel -and the unknown data state
which is a damaged state (i.e., its polarization is rotated). The error correction only requires a CNOT gate (and a Hadamard gate) with 0 control on Bob's side. On the other hand, it is currently a probabilistic mechanism, although as we will show the success probability can be increased arbitrarily high. If Bob has an l-length qubit string 
The gate for improved decoding is shown in Fig. 10 . , then he can correct the damaged qubit with a success probability of
In this case the right transformation succeeds with exponentially increasing probability as the number l of the pilot states increases linearly, and exhibits an exponentially decreasing error probability [12, 13, 16] . Since Bob has a one-qubit length state for correcting the damaged state, Bob fails to perform
with a probability The single data qubit error-correction can be achieved as follows: 0  1  cos 0  sin 1  2  2  1  0  1  cos  sin  0  cos  sin  1  2  2  2  2  2   cos  sin  0  cos  sin  1 0  2  2  2  2  1   2  cos  sin  2 2 
hence Bob can correct any error of the unknown quantum state without the explicit knowledge of the quantum channel. On the other hand, it is currently a probabilistic mechanism, although as we will show the success probability can be increased arbitrarily high as will be provided in Theorem 5. The error correction can be extended to an arbitrarily high number of input quantum data states, instead of just a single qubit as it is summarized in Theorem 6.
These results conclude the proof of Theorem 3. 
D. The Pilot String Generation Process
The most critical part of the proposed pilot quantum error correction protocol is the pilot string generation. Here we prove that the pilot string generation makes it possible to achieve the error correction with arbitrary high probability; however the channel output states are unknown
states. As Theorem 4 shows the unknown valuable pilot states can be generated from the unknown channel output pilot states, using elementary quantum gates. Proof. In the proof of Theorem 3 we have demonstrated that Bob can correct any arbitrary length set of data quantum states without knowledge of the transformation of the quantum channel. The generation of these states is performed by the same quantum circuit as used for error-correction, however in this case Bob will use the CNOT with control 1 and will use the pilot states as both the control and the target, as depicted in Fig. 11 . Figure 11 . The generation of pilot states for high success probability error correction.
The outcome of the circuit shown in Fig. 11 is 0  sin 1  cos 0  sin 1  2  2  2   cos  sin  0  2  2  1  cos 0  sin 1  2  2  cos  sin  1  2  2   cos cos  sin  2  2  2 00  cos cos  sin  01  2  2  2   sin cos  sin  10  sin cos  sin  11  2  2  2  2  2  2   cos cos  sin  00  cos cos  sin  01  2  2  2  2  2  2  1   2 sin cos  sin  11  sin cos  sin  10  2  2  2  2  2  2   cos cos  sin  0  sin cos  sin  1 0  2  2  2  2  2  2  1   2 cos cos sin 0 sin cos 2 2 2 2 2 cos  sin  0 0  cos  sin  1 1  0  2  2  2  2  1   2  cos  sin  0 0  cos  sin  1 1  1  2  2  2  2   cos  sin  0  2 
hence, Bob obtains the next required pilot state q 2 . This process can be continued, and the new pilot states can be used as control qubits to increase the success probability of the next rotation. The new pilot states can be used as control qubits to increase the success probability of the next rotation.
In Fig. 12 we illustrate the generation process of the 3-length pilot qubit string
Pilot q . In the generation process all states and the whole set
q from which the state will be generated are completely unknown. will not be part of the final, l-length qubit string.) As follows, from the unknown "2 power" pilot states can be generated by the proposed quantum circuit, using only standard Hadamard and CNOT gates, and the r-length string q
with unknown pilot channel output states. The success probability increases in every step, the final success probability of generating q , which is also an unknown state, as well as the states of pilot string from which the state will be generated. number of data qubits with a probability
Bob rotates in every step q by an angle q , hence to get the final state q 
E. Required Number of Channel Output Pilot States
In the previous section we proved that it is possible to generate the set of valuable (and unknown) pilot states from the set of unknown pilot states. Here we give an exact measure to the number of channel output pilot states and the achievable success probability of the error correction. Proof. According to working mechanism of the circuit shown in Fig. 13 , and the defined pilot output states in see (36) and (39), to generate the l-length pilot qubit string
, r pilot states q needed: The required number of q for some type of pilot states and the success probability of the error-correction are shown in Table 1 . ( ) Table 1 . Required number of generation of pilot qubits and the reachable success probability in the error correction process.
The decoding success probability in function of the length of the pilot qubit string is illustrated in Fig. 14 . Figure 14 . The decoding success probability increases exponentially as the number of pilot qubits increases linearly.
The maximization of success probability requires only a minimal number of pilot qubits states.
The pilot error-correction process requires only a minimal number of pilot qubit states which assures the efficiency and the minimal redundancy of the technique.
But this process does not decrease the efficiency of the scheme, since the value of l can be chosen to be several orders of magnitude lower than the number of data qubits n. After receiving 54 pilot qubits q from Alice, Bob can construct a 5-length pilot qubit string to correct arbitrary number of data qubits with success probability 0.96875. To summarize, the linearly increasing numbers of r and l ensures the exponentially increasing success probability of the pilot quantum error-correction.
These results conclude the proof of Theorem 5.
■
The result on the multi qubit error-correcting is summarized in Theorem 6.
F. The Multi Error-Correction Process
In Theorem 6 we extend the results of Theorem 3 to the correction of an arbitrary length data 
Proof. The number n depends on the length of the occurring of the same error on the quantum channel, our error-correction scheme works in this "pilot region". We show how Bob could achieve this for an arbitrarily long input data system with n unknown input data quantum states.
If Bob receives an n-qubit length damaged string y 
since in this case we have an n-length data string. 
VI. Application of Pilot Quantum Error-Correction
In this section we show, that our encoding scheme can be applied in a realistic space-earth quantum communication system. The efficiency of the scheme depends on the time parameter T, for which the quantum channel can be assumed to be in a stationary state. The velocity at which the angle q changes depends on the speed (and therefore on the orbit) of the satellite.
The time parameter T also differs for a low and high-orbit satellite systems [16] . In an experimental space-earth quantum communication system the values of q changes fast, but as we show, the proposed pilot strategy can also be applied in these cases. (Note: From the viewpoint of the efficiency of pilot coding scheme, the geostationary systems would mean the optimal solution. In a high-orbit GEO (Geostationary Earth Orbit) system the rotation angle changes slow and the quantum channel takes the desired stationary state for longer time T, in comparison to lower orbits.) Based on these arguments, in the next subsection the performance of the pilot coding scheme will be analyzed for a realistic MEO (Medium Earth Orbit) channel implementation, where the rotation angle changes fast.
A. Medium Earth Orbit Implementation
Assuming a Medium Earth Orbit space-earth quantum communication system with satellites above 2,000 kilometers of the Earth and between the geostationary orbit (35,786 kilometers), the time parameter during rotation q can be taken to constant [15] 
The attenuation parameter D differs in the up-link and down-link directions and also depends on the properties of the physical apparatus (such as the telescope size, motion speed, etc.).
An averaged value of the attenuation parameter for an MEO space-earth quantum channel [15] can be taken to 
The D redundancy of the code is evaluated as follows:
where the value of r is chosen according to the desired decoding success probability.
In Table 2 we summarized the number of maximal transmittable qubits using the given timeslot and attenuation parameter , which values can be used for an experimental space-earth quantum communication system. As follows from Table 2 , the pilot strategy can be applied with very high efficiency in spaceearth quantum communications. On the other hand, the limit on the number of transmittable qubits in time slot T is depends on the applied technology, i.e., on the laser source frequency and mainly on the dead-time of the detectors. In current practical space-earth satellite quantum communication systems the limit is on the detector more than on the frequency of the laser. These practical issues can be overcome by technological innovations in the very near future [15] , [18] [19] [20] [21] [22] . 
B. Capacity and Rate Calculations
According to the results of experimental demonstrations [15] , [16] , for the analyzed space-earth quantum communication link the depolarizing effect can be taken to small, i.e., assuming a critical time value for the channel, in an experimental MEO setting the time-dependent depolarization parameter of  for
0, crit T T can be chosen to [15] , [16] , [35] , [36] (Note: The value of the depolarizing parameter of the channel in the space-earth setting depends on the environment, actual weather conditions and the atmospheric parameters, i.e., it is a dynamically changing parameter. We assumed a worst-case scenario.). From this, the classical capacity of the time-dependent depolarizing channel assuming critical time value , can be evaluated as follows:
The quantum capacity of in the MEO space-earth channel setting can be approximated by the following bound:
For the capacities of are cut down to zero, i.e.:
The results for the time-dependent Medium Earth Orbit depolarizing channel are summarized in 
where r is the number of pilot states and is the number of total qubits sent through over in . 
As follows, the rates R of the code for the analyzed depends on the level of redundancy (see Table 2 .) Assuming , 
VII. Conclusions
In this paper we have introduced a new quantum-error correction scheme. The protocol uses quantum states to capture and store the unknown error of the quantum channel. The error correction requires only a very small number of quantum states sent out with the data qubitscalled pilot states. The pilot states characterize the unknown rotation that occurs in the polarization of the qubits. The proposed pilot quantum error-correction protocol uses a probabilistic process for the error correction, however with the generation of the required pilot states, the success probability can be increased arbitrarily high. Our solution requires the most simple quantum circuits to conduct the correction in practice, providing an easily implementable, lightweight on-the-fly error correction framework for polarization compensation.
In future work we would like to extend our method to correct any arbitrary errors in qudit
systems. An important question is the determination of the time parameters of the physical quantum channels. The possibility of the correction of any non-unitary errors still keeps so many exciting results. We believe the proposed scheme can be applied to solve these issues by rather simple modifications and improvements in the error-correction circuits.
